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Abstract. In this paper we investigate module extraction for the De-
scription Logic SRIQ. We formulate modules in terms of the reachabil-
ity problem for directed hypergraphs. Using inseperability relations, we
investigate the module-theoretic properties of reachability modules and
show by means of an empirical evaluation that these modules have the
potential of being substantially smaller than syntactic locality modules.

1 Introduction

Description Logics (DLs) are widely used in ontological modeling. They form
a family of knowledge representation languages that are mostly decidable frag-
ments of first-order logic. Their formal semantics not only allow for the exchange
of DL ontologies but provide support for reasoning — the computation of addi-
tional logical inferences from the facts stated explicitly in an ontology.

There are many different DLs, each differing in the expressivity of the lan-
guage and the complexity of reasoning. In general, the more expressive a DL the
more complex the reasoning associated with it. This allows the ontology mod-
eller to choose, for the intended application, the best balance between language
expressivity on the one hand and reasoning complexity on the other. The DL
SRIQ is an expressive language and is a subset SROIQ, the W3C OWL DL
Web Ontology language.

Modularization plays an important part in the design and maintenance of
large scale ontologies. Modules are loosely defined as subsets of ontologies that
cover some topic of interest, where the topic of interest is defined by a set of
symbols. Extracting minimal modules is computationally expensive and even
undecidable for expressive DLs [4, 5]. Therefore, the use of approximation tech-
niques and heuristics play an important role in the efficient design of algorithms.

Syntactic locality [4, 5], because of its excellent model-theoretic properties,
has become an ideal heuristic and is widely used in a diverse set of algorithms
[19, 3, 6]. Suntisrivaraporn [19] showed that, for the DL EL+, ⊥-locality mod-
ule extraction is equivalent to the reachability problem in directed hypergraphs.
Nortjé et al. [14, 15] extended the reachability problem to include >-locality
and introduced bidirectional reachability modules as a subset of ⊥>∗-locality
modules. This work was further extended to the DL SROIQ by Nortje et al.



[16] who showed that extracting ⊥>∗-reachability modules is equivalent to ex-
tracting frontier graphs in hypergraphs. Reachability modules are not only of
importance in hypergraph-based reasoning support for CBoxes [16], but are po-
tentially smaller than syntactic locality modules.

In this paper we investigate the module-theoretic properties of reachability
modules for the DL SRIQ. We show that these modules are not self-contained
or depleting but they are robust under vocabulary restrictions, vocabulary ex-
tensions, replacement and joins. By showing that reachability modules preserve
all justifications for entailments, we show that depleting modules are sufficient
for preserving all justifications but not necessary. This paper is an extended
version of the paper presented at DL2013 [17].

In Section 2 we give a brief introduction to the DL SRIQ, hypergraphs and
modularization as defined by inseparability relations. Section 3 introduces a nor-
mal form for SRIQ CBoxes as well as the rules necessary to transform any such
CBox to normal form. In Section 4 we introduce both ⊥- and > reachability
modules and investigate all their module theoretic properties in terms of insep-
arability relations. All proofs of the work presented appear in the accompanying
appendix. In Section 5 we show the results of an empirical evaluation of these
modules. Lastly in Section 6 we conclude this paper with a short summary of
the results.

2 Background

In Section 2.1 we give a brief introduction to DLs and modularization with
specific focus on the DL SRIQ [9]. In Section 2.2 we give a brief introduction
to modules and module theoretic properties.

2.1 The DL SRIQ

The syntax and semantics of SRIQ is listed in Table 2.1. NC and NR denote
disjoint sets of atomic concept names and role names. The set NR includes the
universal role whilstNC excludes the> and⊥ concepts. For a complete definition
of SRIQ, refer to Horrocks et al. [9], and for Description Logics refer to [2].

In order to ensure decidability in SRIQ there are some restrictions on the
use of roles. R1 ◦ . . . ◦Rn v R, where n > 1 and Ri, R ∈ NR, is a role inclusion
axiom (RIA). A role hierarchy is a finite set of RIAs. Here R1 ◦ . . . ◦Rn denotes
a composition of roles where R,Ri may also be an inverse role R−. A role R is
simple if (i) it does not appear on the right-hand side of a RIA, or (ii) is the
inverse of a simple role, or (iii) appears on the right-hand side of a RIA only if
the left-hand side is a simple role. Ref(R), Irr(R) and Dis(R,S), where R, S
are roles other than U , are role assertions. A set of role assertions is simple w.r.t.
a role-hierarchy H if each assertion Irr(R) and Dis(R,S) uses only simple roles
w.r.t. H.

A strict partial order ≺ on NR is a regular order if, and only if, for all roles
R and S: S ≺ R iff S− ≺ R. Let ≺ be a regular order on roles. A RIA w v R is
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Constructs Syntax Semantics

atomic concept C CI ∈ ∆I , C ∈ NC

role R RI ⊆ ∆I ×∆I , R ∈ NR

inverse role R− R−I = {(y, x) | (x, y) ∈ RI}, R ∈ NR

universal role U UI = ∆I ×∆I
role composition R1 ◦ . . . ◦Rn {(x, z) | (x, y1) ∈ RI1 ∧ (y1, y2) ∈ RI2 ∧ . . .

∧(yn, z) ∈ RIn, n ≥ 2, Ri ∈ NR}
top > >I = ∆I

bottom ⊥ ⊥I = ∅
negation ¬C (¬C)I = ∆I \ CI
conjunction C1 u C2 (C1 u C2)I = CI1 ∩ CI2
disjunction C1 t C2 (C1 t C2)I = CI1 ∪ CI2
exist restriction ∃R.C {x | (∃y)[(x, y) ∈ RI ∧ y ∈ CI ]}
value restriction ∀R.C {x | (∀y)[(x, y) ∈ RI → y ∈ CI ]}
self restriction ∃R.Self {x | (x, x) ∈ RI}
atmost restriction 6 nR.C {x | #{y | (x, y) ∈ RI ∧ y ∈ CI} 6 n}
atleast restriction > nR.C {x | #{y | (x, y) ∈ RI ∧ y ∈ CI} > n}
Axiom Syntax Semantics

concept inclusion C1 v C2 CI1 ⊆ CI2
role inclusion R1 ◦ . . . ◦Rn v Rn+1 (R1 ◦ . . . ◦Rn)I ⊆ RI , n ≥ 1
reflexivity Ref(R) {(x, x) | x ∈ ∆I} ⊆ RI
irreflexivity Irr(R) {(x, x) | x ∈ ∆I} ∩RI = ∅
disjointness Dis(R,S) SI ∩RI = ∅

Table 1. Syntax and semantics of SRIQ

≺-regular if, and only if, R ∈ NR and w has one of the following forms: R ◦ R;
R−; S1 ◦ . . . ◦ Sn, where each Si ≺ R; R ◦ S1 ◦ . . . ◦ Sn, where each Si ≺ R or
S1 ◦ . . . ◦Sn ◦R, where each Si ≺ R. A role hierarchy H is regular if there exists
a regular order ≺ such that each RIA in H is ≺-regular. An RBox is a finite,
regular role hierarchy H together with a finite set of role assertions simple w.r.t.
H.

The set of SRIQ concept descriptions is the smallest set such that:

1. ⊥,>, and each C ∈ NC is a concept description.
2. If C is a concept description, then ¬C is a concept description.
3. If C and D are concept descriptions, R is a role, S is a simple role, and n is

a non-negative integer, then the following are all concept descriptions:

(C uD), (C tD), ∃R.C, ∀R.C, 6 nS.C, > nS.C, ∃S.Self

If C and D are concept description then C v D is a general concept inclusion
(GCI) axiom. A TBox is a finite set of GCIs. If C is a concept description,
a,B ∈ NI , R,S ∈ NR with S a simple role, then C(a), R(a, b), ¬S(a, b), and
a 6= b, are individual assertions. An SRIQ ABox is a finite set of individual
assertions. All GCIs, RIAs, role assertions, and individual assertions are referred
to as axioms. A SRIQ-KB base is the union of a TBox, RBox and ABox. Given
a SRIQ TBox T and RBox R we define a SRIQ CBox C as T ∪ R.
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2.2 Modules and their properties

Module extraction is the process of extracting subsets of axioms from CBoxes
that are self contained with respect to some criteria. These sets of axioms, called
modules, may be used for various purposes such as reuse, optimization and error
pinpointing amongst others [5, 19].

Definition 1. (Module for the arbitrary DL L [11, 12]) Let L be an arbi-
trary description language, O an L ontology, and σ a statement formulated in
L. Then, O′ ⊆ O is a module for σ in O(a σ-module in O) whenever: O |= σ if
and only if O′ |= σ.

Definition 1 is sufficiently general so that any subset of an ontology preserving
a statement of interest is considered a module, the entire ontology is therefore a
module in itself.

Different use cases usually result in different notions of what the definition
and characteristics of a module should be. Modules are often defined via the
notion of conservative extensions. Given some signature (a set of concept and
role names) and a set of axioms, a conservative extension of this set is simply
one that implies all the same consequences over the signature. More formally:

Definition 2. (Conservative extension [1, 7]) Let C and C1 be two CBoxes
such that C1 ⊆ C, and let Σ be a signature. Then

– C is a Σ-conservative extension of C1 if, for every α with Sig(α) ⊆ Σ, we
have C |= α iff C1 |= α.

– C is a conservative extension of C1 if C is a Σ-conservative extension of C1

for Σ = Sig(C1).

Given that both sets of axioms imply the same consequences for a given
signature we may then use the smaller set whenever we wish to reason over
this signature. A closely related notion to conservative extensions is that of
inseparability.

Definition 3. [18] C1 and C2 are Σ-concept name inseparable, written C1 ≡cΣ
C2, if for all Σ- concept names C,D, it holds that C1 |= C v D if and only if
C2 |= C v D.

Definition 4. [18] C1 and C2 are Σ-subsumption inseparable, written C1 ≡sΣ C2,
if for all terms X,Y that are concepts or roles over Σ, it holds that C1 |= X v Y
if and only if C2 |= X v Y .

Definition 5. [11, 12, 18] Let C be a CBox,M⊆ C, S an inseparability relation
and Σ a signature. We call M

– an SΣ-module of T if M≡SΣ C.
– a self-contained SΣ-module of C if M≡SΣ∪Sig(M) C.

– a depleting SΣ-module of C if ∅ ≡SΣ∪Sig(M) C \M.

4



Modules may therefore be characterized by some inseparability criteria. It is
of interest how modules defined this way would behave under different use case
scenarios. For this purpose, several properties of inseparability relations [10]
have been investigated in the literature, which allows us to compare different
definitions of modules. Given a CBox C and a moduleM⊆ C for a signature Σ,
we are interested in the following inseparability properties:

– Robustness under vocabulary restrictions implies that when we wish to re-
strict the symbols from Σ further we do not need to import a different
module and may continue to use M.

– Robustness under vocabulary extension implies that should we wish to add
new symbols to Σ that do not appear in C we do not need to use a different
module but may use M.

– Robustness under replacement ensures that the result of importingM into a
CBox C1 is a module of the result of importing C into C1. This is also called
module coverage and refers to the fact that importing a module does not
affect its property of being a module.

– Robustness under joins implies that if C and C1 are inseparable w.r.t. Σ and
all the terms they share are from Σ, then each of them are inseparable with
their union w.r.t. Σ.

More formally:

Definition 6. [10–12] The inseparability relation S is called

– robust under vocabulary restrictions if, for all CBoxes C1, C2 and all signa-
tures Σ, Σ′ with Σ ⊆ Σ′, the following holds: if C1 ≡SΣ′ C2, then C1 ≡SΣ C2.

– robust under vocabulary extensions if, for all CBoxes C1, C2 and all sig-
natures Σ, Σ′ with Σ′ ∩ (Sig(C1) ∪ Sig(C2)) ⊆ Σ, the following holds: if
C1 ≡SΣ C2, then C1 ≡SΣ′ C2.

– robust under replacement if, for all CBoxes C1, C2 and all signatures Σ and
every CBox C with Sig(C)∩ (Sig(C1)∪Sig(C2)) ⊆ Σ, the following holds: if
C1 ≡SΣ C2 then C1 ∪ C ≡SΣ C2 ∪ C.

– robust under joins if, for all CBoxes C1, C2 and all signatures Σ with Sig(C)∩
Sig(C2) ⊆ Σ, if C1 ≡SΣ C2 then Ci ≡SΣ C1 ∪ C2, for i = 1, 2.

Deciding conservative extensions has been shown to be computationally ex-
pensive or even undecidable for relatively inexpressive DLs. Therefore, an ap-
proximation of these modules, based on syntax, called syntactic locality mod-
ules has been introduced [5]. Syntactic locality modules possess all the module-
theoretic properties discussed in this section and have become one of the most
widely used definitions of modules. We will give a definition of a normalized
version of syntactic locality once we have introduced a normal form for SRIQ.

3 Normal Form

In this section we introduce a normal form for SRIQ CBoxes. We utilize nor-
malization in order to simplify the definitions, to ease the understanding of the
work that follows, as well as to simplify the presentation of proofs.
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Definition 7. Given Bi ∈ (NC ∪ {>}), Ci ∈ (NC ∪ {⊥}), D ∈ {∃R.B, ≥
nR.B, ∃R.Self}, with R,S,Ri, Si role names from NR or their inverses and
n > 1, a SRIQ CBox C is in normal form if every axiom α ∈ C is in one of
the following forms:

α1: B1 u . . . uBn v C1 t . . . t Cm α2: D v C1 t . . . t Cm
α3: B1 u . . . uBn v D α4: R1 ◦ . . . ◦Rn v Rn+1

α5: R1 v R2 α6: D1 v D2

α7: Dis(R1, R2)

In order to normalize a SRIQ CBox C we repeatedly apply the normalization
rules from Table 2. Each application of a rule rewrites an axiom into its equivalent
normal form. It is easy to see that the application of every rule ensures that the
normalized CBox is a conservative extension of the original. We note that the
SRIQ axiom Ref(R) is represented by its equivalent > v ∃R.Self and Irr(R)
by ∃R.Self v ⊥ [2].

Table 2. SRIQ normalization rules

NR1 B̂ u ¬Ĉ2 v Ĉ1  B̂ v Ĉ1 t Ĉ2

NR2 B̂1 v Ĉ t ¬B̂2  B̂1 u B̂2 v Ĉ
NR3 B̂ u D̂ v Ĉ  B̂ uA v Ĉ, D̂ v A, A v D̂
NR4 B̂ v Ĉ t D̂  B̂ v Ĉ tA, D̂ v A, A v D̂
NR5 B̂ v Ĉ1 u Ĉ2  B̂ v Ĉ1, B̂ v Ĉ2

NR6 B̂1 t B̂2 v Ĉ  B̂1 v Ĉ, B̂2 v Ĉ
NR7 . . .∀R.Ĉ . . .  . . .¬∃R.A . . ., A u Ĉ v ⊥, > v A t Ĉ
NR8 . . .∃R.D̂ . . .  . . .∃R.A . . ., D̂ v A, A v D̂
NR9 . . . > nR.D̂ . . .  . . . > nR.A . . ., D̂ v A, A v D̂
NR10 . . . 6 nR.Ĉ . . .  . . .¬(> (n+ 1)R.Ĉ) . . .

NR11 B̂ ≡ Ĉ  B̂ v Ĉ,Ĉ v B̂
NR12 > 0R.B v Ĉ  > v Ĉ
NR13 B̂ v ∃R.⊥  B̂ v ⊥
NR14 B̂ v> nR.⊥  B̂ v ⊥
NR15 B̂ v> 0R.B  
NR16 > nR.⊥ v Ĉ  
NR17 ∃R.⊥ v Ĉ  
NR18 B̂ u ⊥ v Ĉ  
NR19 ⊥ v Ĉ  
NR20 B̂ v Ĉ t >  
NR21 B̂ v >  
Above A is a new concept name not in NC , B̂i and Ĉi are possibly complex concept

descriptions and D̂ a complex concept description. R ∈ NR or it’s inverse, n > 0

Theorem 1. Exhaustively applying the rules from Table 2 to any SRIQ CBox
C results in a SRIQ CBox C′ in normal form. The normalization process can
be completed in linear time in the number of axioms.
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Proof Sketch: We show that normalization is linear in the number of axioms
by applying normalization rules in the following order: ≡-elimination (NR11), ∀-
elimination (NR7), 6-elimination (NR10), Complex role-filler elimination (NR8,
NR9), ¬-elimination and simplification by iteration of rules NR1, NR3, NR6 and
NR2, NR4, NR5. Lastly rules NR12 through NR21 are applied. 2

Example 1. Let α1 = B v ¬C, and α2 = ¬A v B. Then, α1 may be normalized
by application of rule NR2 to αN1 = B uC v ⊥ since ¬C = ¬C t⊥. α2 may be
normalized by application of rule NR1 to αN2 = > v B ∪A since ¬A = ¬Au>.

We will discuss the importance of normalization in the context of this paper
in more detail in the next section.

4 Reachability Modules

Syntactic locality is a widely used approximation to deciding conservative ex-
tensions. Given a normalized CBox C, the definition of syntactic locality can be
simplified to the following:

Definition 8. (Normalized Syntactic Locality) Let Σ be a signature and C

a normalized SRIQ CBox. An axiom α is ⊥-local w.r.t. Σ (>-local w.r.t Σ) if
α ∈ Ax(Σ)⊥ (α ∈ Ax(Σ)>), as defined in the grammar:

⊥-Locality
Ax(Σ)⊥ ::= C⊥ v C | w⊥ v R | Dis(S⊥, S) | Dis(S, S⊥)
Con⊥(Σ) ::= A⊥ | C⊥ u C | C u C⊥ | ∃R⊥.C | ∃R.C⊥ | ∃R⊥.Self |

> nR⊥.C |> nR.C⊥
>-Locality
Ax(Σ)> ::= C v C> | w v R>
Con>(Σ) ::= A> | C> t C | C t C> | ∃R>.C> |> nR>.C> |

∃R>.Self
In the grammar, we have that A⊥, A> 6∈ Σ is an atomic concept, R⊥ (resp.
S⊥) is either an atomic role (resp. a simple atomic role) not in Σ or the inverse
of an atomic role (resp. of a simple atomic role) not in Σ, C is any concept, R
is any role, S is any simple role, and C⊥ ∈ Con⊥(Σ), C> ∈ Con>(Σ). We also
denote by w⊥ a role chain w = R1 ◦ . . .◦Rn such that for some i with 1 ≤ i ≤ n,
we have that Ri is (possibly inverse of) an atomic role not in Σ. A CBox C is
⊥-local (>-local) w.r.t. Σ if α is ⊥-local (>-local) w.r.t. Σ for all α ∈ C.

For a complete overview of locality modules as well as algorithms for extract-
ing such we refer the interested reader to Cuenca Grau et al [5].

A variant of⊥-syntactic locality modules called⊥-reachability based modules
[19] is based on the reachability problem in directed hypergraphs. Hypergraphs
[13, 20] are a generalization of graphs and have been studied extensively since the
1970s as a powerful tool for modeling many problems in Discrete Mathematics.
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We extend the work done by Nortje et al.[15] and define reachability for SRIQ
CBoxes. We then continue to show that these modules share all the robustness
properties of locality modules and therefore is well suited to be used in the
ontology reuse scenario.

Definition 9. (⊥-Reachability) Let C be a SRIQ CBox in normal form and
Σ ⊆ Sig(C) a signature. The set of ⊥-reachable names in C w.r.t. Σ, denoted by
Σ←⊥C , is defined inductively as follows:

– For every x ∈ (Σ ∪ {>}) we have x ∈ Σ←⊥C .
– For every inclusion axiom (αL v αR) ∈ C, if Sig(αL) ⊆ Σ←⊥C then every
y ∈ Sig(αR) is also in Σ←⊥C .

Every axiom α := αL v αR such that Sig(αL) ⊆ Σ←⊥C we call Σ←⊥C -reachable.
Axioms of the form Dis(R,S) ∈ C are Σ←⊥C -reachable whenever {R,S} ⊆ Σ←⊥C .
The set of all Σ←⊥C -reachable axioms is denoted by C←⊥Σ and is called the ⊥-
reachability module for C over Σ.

It is self-evident from Definition 8 that an axiom is ⊥-reachable w.r.t Σ
exactly when it is not ⊥-local w.r.t. Σ. Similarly we define an axiom to be
>-reachable exactly when it is not >-local.

Definition 10. (>-Reachability) Let C be a SRIQ CBox in normal form and
Σ ⊆ Sig(C) a signature. The set of >-reachable names in C w.r.t. Σ, denoted by
Σ←>C , is defined inductively as follows:

– For every x ∈ (Σ ∪ {⊥}) we have that x ∈ Σ←>C .
– For all inclusion axioms (αL v αR) ∈ C, if

• αR = ⊥, or
• αR is of the form A1 t . . . tAn and all Ai ∈ Σ←>C , or
• αR has any other form and there exists some x ∈ Sig(αR) ∩Σ←>C

then every y ∈ Sig(αL) is also in Σ←>C .

Every axiom α := αL v αR such that, αR = ⊥, or αR is of the form A1 t . . . t
An and all Ai ∈ Σ←>C , or αR has any other form and there exists some x ∈
Sig(αR) ∩Σ←>C , we call Σ←>C -reachable. All axioms of the form Dis(R,S) ∈ C

are always Σ←>C -reachable and {R,S} ⊆ Σ←>C . The set of all Σ←>C -reachable
axioms is denoted by C←>Σ and is called the >-reachability module for C over Σ.

Given the appropriate mapping of axioms to hyperedges [16], ⊥-Reachability
can be shown to be equivalent to B-reachability in hypergraphs and>-reachability
to hypergraph F-reachability. The ⊥-reachability module for a signature S is
equivalent to the set of all B-hyperpaths for the set of nodes corresponding to S
and the >-reachability module equivalent to the set of all F-hyperpaths.

It is easy to show that ⊥-reachability modules are equivalent to ⊥-locality
modules. However, by the definition of >-reachability we observe that these are
not equivalent to >-locality modules.
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Example 2. Let C be a CBox such that C = {α1, α2, α3, α4}, with α1 := A v
∃r.D1, α2 := B v≥ 3r.D2, α3 := ∃r.> v C,α4 := D1 v D2 and let Σ =
{C}. Then C←>Σ = {α1, α2, α3} but the >-locality module for C w.r.t. Σ is
{α1, α2, α3, α4}.

The difference stems from the fact that in α1 and α2 the >-reachability
of r does not ensure the >-reachability of D1 and D2 respectively. This occurs
because, given an axiom α = αL v αR, >-locality ensure that if α is >-local then
so are all of the symbols in Sig(α), whereas >-reachability is defined such that
the >-reachability of α only guarantees that all symbols of αL and only some
symbols of αR will be >-reachable. Thus >-reachability based modules are at
most the size of >-locality modules but in general could be substantially smaller.
Similar to ⊥>∗-locality modules we note that reachability module extraction
may also be alternated until a fixpoint is reached. These modules are denoted
by C←⊥>

∗

Σ .
Normalization plays an important role in the definition of reachability as

the algorithm for determining >-reachability of an axiom is different from the
algorithm for determining >-locality of an axiom. Not only does normalization
simplify the definition of reachability considerably, it also allows us to deter-
mine exactly which symbols to exclude from our signature when adding new
>-reachable axioms. This can be seen in Example 2 where the symbol D2 is
excluded when adding Sig(α) to our signature. We note that a separate nor-
malization phase is not strictly necessary, and that on-the-fly normalization can
be done on an axiom during a reachability check. It is also possible to denor-
malize a normalized ontology by adding extra bookkeeping and labeling to the
normalization process.

In order to investigate the module-theoretic properties of reachability mod-
ules, we follow a similar approach to Sattler et al. [18] and define inseparability
different from that of conservative extensions. We say that C1 and C2 are insep-
arable if their modules are equivalent, that is, a module extraction algorithm
returns the same output for each of them. We define the following inseparability
relations for reachability modules:

Definition 11. Let C1 and C2 be CBoxes and Σ a signature. Then C1 and C2

are:

– Σ −> reachability inseparable, denoted by C1 ≡>Σ C2, if C1
←>
Σ = C2

←>
Σ ;

– Σ −⊥ reachability inseparable, denoted by C1 ≡⊥Σ C2, if C1
←⊥
Σ = C2

←⊥
Σ ;

– Σ − ⊥>∗ reachability inseparable, denoted by C1 ≡⊥>
∗

Σ C2, if C1
←⊥>∗
Σ =

C2
←⊥>∗
Σ .

Firstly we show that >-reachability modules are subsumption inseparable.
Concept inseparability follows as a special case of subsumption inseparability.

Lemma 1. Let C be a SRIQ CBox, and Σ ⊆ Sig(C) a signature.Let C, D be
arbitrary SRIQ concept descriptions such that Sig(C) ∪ Sig(D) ⊆ Σ. Then
C |= C v D if and only if C←>Σ |= C v D.
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Proof: We have to prove two parts. First: If C←>Σ |= C v D then C |= C v D.
This follows directly from the fact that C←>Σ ⊆ C and that SRIQ is monotonic.

Conversely, we show that, if C |= C v D then C←>Σ |= C v D. Assume
C |= C v D with I1 a model for C. Then there must exist an interpretation I
such that |∆I | ≥ |∆I1 | and an individual w ∈ ∆I such that I is a model of C←>Σ
and w ∈ CI \ DI . Modify I to I ′ by setting xI

′
:= ∆I for all concept names

x ∈ Sig(C) \ Σ←>C , and rI
′

:= ∆I × ∆I for all roles names r ∈ Sig(C)\ Σ←>
and leaving everything else unchanged. We show that I ′ is a model of C←>Σ . For
all α := αL v αR, with α ∈ C←>Σ , we have that:

– If αR is such that Sig(αR) ⊆ Σ←>C we have that (αR)I = (αR)I
′

since it
does not change the interpretation of any symbols.

– If αR is an existential restriction of the form ∃r.A with y ∈ Sig(αR) \Σ←>C ,

then (y)I
′

= ∆I or (y)I
′

= ∆I × ∆I depending on whether y is a role or
concept name. In both cases we have that (αR)I ⊆ (αR)I

′
.

– If αR is an at-least restriction of the form ≥ nr.A with y ∈ Sig(αR) \Σ←>C ,

then (y)I
′

= ∆I or (y)I
′

= ∆I × ∆I depending on whether y is a role or
concept name. In both cases we have that (αR)I ⊆ (αR)I

′
.

– If αR is of the form ∃R.Self with R ∈ Σ←>C we have that (αR)I = (αR)I
′

since it does not change the interpretation of the symbol R.
– If α is of the form Dis(R,S) then by definition it is always in C←>Σ , thus
R,S ∈ Σ←>C . Therefore, the interpretation of alpha does not change.

In all cases (αL)I = (αL)I
′

since α ∈ C←>Σ and Sig(αL) ⊆ Σ←>C and thus

(αL)I
′ ⊆ (αR)I

′
. Thus, I ′ is a model for C←>Σ . Now for every α = (αL v αR) ∈

C \ C←>Σ we have:

– αR is a concept name and αI
′

R = ∆I , or

– αR is a role name and αI
′

R = ∆I ×∆I , or
– αR is a disjunction of the form A1 t . . . t An with at least one Ai 6∈ Σ←>C ,

thus AI
′

i = ∆I and αI
′

R = AI1 ∪ . . . ∪∆I ∪ . . . ∪AIn = ∆I , or

– αR is an existential restriction ∃r.A1, thus rI
′

= ∆I ×∆I and AI
′

1 = ∆I so
that (∃r.A1)I

′
= ∆I , or

– αR is ∃r.Self , thus rI
′

= ∆I ×∆I so that (∃r.Self)I
′

= ∆I , or
– αR is an atleast restriction ≥ nr.A2, thus rI

′
= ∆I × ∆I , AI

′

2 = ∆I and
|∆I | ≥ n so that (≥ nr.A2)I

′
= ∆I . This follows from the fact that |∆I | ≥

|∆I1 | and for any concept description ≥ nr.A, |∆I | ≥ |(r.A)I | ≥ n for it to
be satisfiable.

Since for all cases αI
′

L ⊆ αI
′

R , we conclude that I ′ is a model for C. But I and
I ′ correspond on all symbols y ∈ (Sig(D) ∪ Sig(C)) ⊆ Σ ⊆ Σ←>C and therefore

DI
′

= DI and CI
′

= CI . Now since CI = CI
′

and w ∈ CI we have that
w ∈ CI′ \DI′ and hence C 6|= C v D, contradicting the assumption. 2

Corollary 1. Let C be a normalized SRIQ CBox, Σ ⊆ Sig(C) a signature and
S an inseparability relation from Definitions 3 and 4. Then C←>Σ ≡SΣ C. C←>Σ is
therefore a SΣ-module of C.
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We show by way of counter example that C←>Σ is not a self-contained or
depleting SΣ module of C when Σ←>C 6= Sig(C←>Σ ).

Example 3. Let C be a CBox such that C = {α1 = A v ∃r.D1, α2 = B v≥
nr.D2, α3 = ∃r.> v C,α4 = D1 v D2}, and let Σ = {C}. Then C←>Σ =
{α1, α2, α3}, δ = Σ ∪ Sig(C←>Σ ) = {A,B,C, r,D1, D2} 6= Σ←>C . But C |= D1 v
D2 and C←>Σ 6|= D1 v D2. Therefore C←>Σ is not a self-contained cΣ-module of
C. Similarly, C \ C←>Σ |= α4 6= ∅ with Σ = D1, D2 and D1, D2 ∈ δ. Therefore,
C←>Σ is not a depleting cΣ-module of C.

Before investigating the robustness properties of reachability modules we
introduce some lemmas to aid us in the proofs that follow.

Lemma 2. Let α be an axiom, Σ and Σ′ be signatures, x ∈ {>,⊥} and C a
SRIQ CBox. Then:

1. If Σ ⊆ Σ′ and α is not Σ′
←x
C reachable, then α is not Σ←xC reachable.

2. If Σ′ ∩ Sig(α) ⊆ Σ and α is not Σ reachable then α is not Σ′ reachable.

Proof:

1. By the inductive definition of x-reachability if Σ ⊆ Σ′ then Σ←xC ⊆ Σ′
←x
C .

Thus if α is not Σ′
←x
C reachable it can also not be Σ←xC -reachable.

2. Assume that α is not Σ reachable but it is Σ′ reachable. Then there is at
least one symbol y ∈ Sig(α) such that y 6∈ Σ and α is Σ ∪ {y} reachable. α
is Σ′ reachable so it must be the case that y ∈ Σ′. But this contradicts our
assumption that Σ′ ∩ Sig(α) ⊆ Σ. Thus, α is not Σ′ reachable.

Lemma 3. Let α be an axiom, Σ and Σ′ be signatures, x ∈ {>,⊥} and C, C′

SRIQ CBoxes. Then:

1. Given C1 = C←xΣ′ , if Σ ⊆ Σ′ then C←xΣ = C1
←x
Σ . In particular C←xΣ ⊆ C←xΣ′ .

2. If Σ′ ∩ Sig(C) ⊆ Σ, then C←xΣ′ ⊆ C←xΣ .
3. If C ⊆ C′, then C←xΣ ⊆ C′

←x
Σ .

Proof:

1. Assume that there is some axiom α ∈ C←xΣ such that α 6∈ C←xΣ′ . Therefore,
we have that α is not Σ′

←x
C reachable but that it is Σ←xC reachable. But this

is a contradiction by Lemma 2.1 since Σ ⊆ Σ′. Thus, C←xΣ ⊆ C←xΣ′ . A similar
argument is used to show that C←xΣ ⊆ C1

←x
Σ and C1

←x
Σ ⊆ C←xΣ .

2. For every α ∈ C we have that Σ′ ∩ Sig(α) ⊆ Σ. Therefore, from Lemma 2.2
we have that whenever α ∈ C is not Σ reachable it is also not Σ′ reachable
and we have that C←xΣ′ contains at most all those axioms in C←xΣ . Thus,
C←xΣ′ ⊆ C←xΣ .

3. Let δ = Σ←xC , δ′ = Σ←xC1
and α ∈ (C ∩ C1). Assume α is δ reachable but not

δ′ reachable. Since C ⊆ C1 and Sig(C) ⊆ Sig(C1) we have by the inductive
definition of x reachability that δ ⊆ δ′. But by Lemma 2.1 we have that
whenever α is not δ′ reachable then it is also not δ reachable. Therefore,
C←xΣ contains at most all those axioms in C1

←x
Σ . Thus, C←xΣ ⊆ C1

←x
Σ .
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Lemma 4. Let Σ be a signature, C1 and C2 be SRIQ CBoxes with Sig(C1) ∩
Sig(C2) ⊆ Σ and x ∈ {>,⊥}. Then (C1 ∪ C2)

←x
Σ = C1

←x
Σ ∪ C2

←x
Σ .

Proof: LetM = (C1 ∪ C2)
←x
Σ ,M1 = C1

←x
Σ ,M2 = C2

←x
Σ . Now C1 ⊆ C1∪C2 thus

by Lemma 3.3 we have thatM1 ⊆M. SimilarlyM2 ⊆M and thusM1∪M2 ⊆
M∪M which gives usM1∪M2 ⊆M. Let Σ′ = Σ∪Σ←xC1

∪Σ←xC2
. To show that

M⊆M1∪M2 we note that, when extracting these modules, the order in which
axioms are extracted are irrelevant. We therefore assume that any algorithm first
extracts axioms inM1∪M2 then tests all other axioms for Σ′

←x
C1∪C2

-reachability.
Consider any axiom α ∈ (C1∪C2)\ (M1∪M2). If α ∈ C1 then α ∈ C1 \M1 and
α is not Σ←xC1

∪ Σ reachable. Now precondition Sig(C2) ∩ Sig(C1) ⊆ Σ implies
Σ←xC2

∩ Sig(α) ⊆ Σ, taken that α is not Σ←xC1
∪Σ reachable we manipulate this

statement to derive (Σ ∪ Σ←xC2
∪ Σ←xC1

) ∩ Sig(α) ⊆ Σ ∪ Σ←xC1
. Thus by Lemma

2.2 we have that α is not Σ ∪Σ←xC2
∪Σ←xC1

reachable. The case where α ∈ C2 is
treated analogously. 2

Proposition 1. For x ∈ {>,⊥}, x-reachability is robust under replacement.

Proposition 2. For x ∈ {>,⊥}, x-reachability is robust under vocabulary ex-
tensions.

Proposition 3. For x ∈ {>,⊥}, x-reachability is robust under vocabulary re-
strictions.

Proposition 4. For x ∈ {>,⊥}, x-reachability is robust under joins.

The proofs to show that reachability modules including C←⊥>
∗

Σ modules share
all the robustness properties of locality modules follow from the above lemmas
and follow the proofs for locality modules by Sattler, et al. [18].

Reachability modules therefore share all the robustness properties listed.
However, we have seen that these modules are neither depleting nor self-contained
modules. Amongst other things, the depleting and self-contained nature of mod-
ules are utilised in order to find all justifications for an entailment [8].

Definition 12. Let C be a SRIQ CBox and M ⊆ C. M is a justification
for C |= C v D if M |= C v D and there exists no M1 ⊂ M such that
M1 |= C v D.

We show that although our modules do not share these properties they do
contain all justifications for a given signature.

Theorem 2. Let C be a normalized SRIQ CBox and Σ a signature such that
Σ ⊆ Sig(C). Then for arbitrary concept descriptions C,D, such that C |= C v D
and Sig(C) ∪ Sig(D) ⊆ Σ←>C we have that C←>Σ contains all justifications for
C |= C v D.

Proof: Assume that C |= C v D for some Sig(C) ∪ Sig(D) ⊆ Σ←>C , but there
is a justification M for C |= C v D that is not contained in C←>Σ . If C v D is a
tautology thenM must be empty withM⊆ C←>Σ . Thus, we assume that C v D

12



is not a tautology. Since M 6⊆ C←>Σ , there must be an axiom α ∈ M \ C←>Σ .
Define M1 :=M∩ C←>Σ . M1 is a strict subset of M since α 6∈ M1. There are
two cases, either M1 = ∅ or it contains at least one axiom.

In the case where M1 = ∅, define C1 = C \ C←>Σ with M ⊆ C1. Now since
M |= C v D we have by monotinocity that C1 |= C v D. Since C1 ⊆ C we have
by Lemma 3.3 that C1

←>
Σ ⊆ C←>Σ and thus that C1

←>
Σ = ∅. But by Lemma 1

we have that C1
←>
Σ |= C v D if, and only if, C1 |= C v D. Since C v D is not

a tautology we have that C1
←>
Σ 6|= C v D and thus that M 6|= C v D.

In the case where M1 6= ∅ we claim that M1 |= C v D, which contradicts
the fact that M is a justification for C |= C v D.

We use proof by contraposition to show this. Assume thatM1 6|= C v D, i.e.,
there is a model I1 of M1 such that CI1 6⊆ DI1 . We modify I1 to I by setting
yI := ∆I1 for all concept names y ∈ Sig(C) \Σ←>C , and rI := ∆I1 ×∆I1 for all
roles names r ∈ Sig(C) \ Σ←>C . We have DI = DI1 since Sig(D) ⊆ Σ←>C , and
CI = CI1 since Sig(C) ⊆ Σ←>C . It follows that CI 6⊆ DI . It remains to be shown
that I is indeed a model ofM, and therefore satisfies all axioms β = (βL v βR)
inM, including α. If β = Dis(Rr, R2) then by definition Sig(β) ⊆ Σ←>C so that

(β)I = (β)I
1

. Otherwise there are two possibilities:

– β ∈ M1. Since M1 ⊆ C←>Σ , all symbols in Sig(βL) are also in Σ←>C and
possibly some symbols of Sig(βR) may not be in Σ←>C . Consequently, I1 and
I coincide on the names occurring in βL and since I1 is a model of M1, we
have that (βL)I = (βL)I1 and (βR)I1 ⊆ (βR)I . Therefore (βL)I ⊆ (βR)I .

– β 6∈ M1. Since β ∈ M, we have that β 6∈ C←>Σ , and hence β is not Σ←>C -
reachable. Thus,
• βR is a concept name and βI

′

R = ∆I , or
• βR is a role name and βI

′

R = ∆I ×∆I , or
• βR is a disjunction of the form A1t . . .tAn with at least one Ai 6∈ Σ←>C ,

thus AI
′

i = ∆I and βI
′

R = AI1 ∪ . . . ∪∆I ∪ . . . ∪AIn = ∆I , or
• βR is an existential restriction ∃r.A1, thus rI

′
= ∆I×∆I and AI

′

1 = ∆I

so that (∃r.A1)I
′

= ∆I , or
• βR is ∃r.Self , thus rI

′
= ∆I ×∆I so that (∃r.Self)I

′
= ∆I , or

• βR is an atleast restriction ≥ nr.A2, thus rI
′

= ∆I × ∆I , AI
′

2 = ∆I

and |∆I | ≥ n so that (≥ nr.A2)I
′

= ∆I . This follows from the fact that
for any concept description ≥ nr.A, |∆I | ≥ |(r.A)I | ≥ n for it to be
satisfiable.

By definition of I, (βR)I = ∆I1 . Hence (βL)I ⊆ (βR)I .

Therefore I is a model for M. But since CI 6⊆ DI we have that M 6|= C v D
proving the contrapositive. 2

5 Empirical Evaluation

From Example 2 we see that reachability modules have the potential of being
smaller than locality modules. In this section we show the results of tests con-
ducted to determine the extent of the difference in size between reachability and
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locality modules across a range of real world ontologies. The criteria used to
select the target ontologies were size and expressivity. In terms of size we tried
to find ontologies that range from a few thousand to tens of thousands of CBox
axioms. In terms of expressivity we chose ontologies that range from the rela-
tively inexpressive DL EL up to and including SRIQ. For ontologies containing
nominals we simple removed all axioms containing nominals from the test on-
tology. In Table 3 we provide a non-exhaustive list of DL metrics for each of the
ontologies1 in the test set.

Table 3. DL Metrics
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S
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f
t
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r
e

Expressivity EL++ EL++ EL++ ALCHOIN (D) ALEHF+ SHF SHI ALCHIQ(D)

Axioms 34387 10471 42656 14861 4735 33203 1943 3347

Concepts 19360 6222 26225 603 2748 17033 1660 735

Roles 8 2 4 23 413 43 22 15

C v D 34387 10467 42650 686 3237 33062 1709 2077

C ≡ D 0 2 0 6 0 86 198 7

C uD v ⊥ 0 0 2 19 0 8 21 0

Trans(R) 0 2 1 0 26 18 5 0

R v S 0 0 2 4 416 25 6 1

R− 0 0 0 1 207 0 0 3

Ran(R) 0 0 0 15 0 0 0 4

Dom(R) 0 0 0 16 0 0 0 3

Sym(R) 0 0 0 1 0 0 4 0

Test were structured in such a way that we could determine the difference
in module sizes across a range of different input signature sizes. For each of the
test ontologies Oi we chose a random signature as a percentage of Sig(Oi). The
input signature size was divided into eight groups namely 0.1%, 0.2%, 0.5%,
1.0%, 2.0%, 5.0%, 10.0% and 20.0% of Sig(Oi). For each of these input sizes
we extracted one thousand ⊥>?-reachability and locality modules, each module
based on a random selection of symbols from Sig(Oi) to act as input signature
S. The average difference in size between reachability and locality modules were
then calculated by the formula Avg((Localj(Sj)−Reachj(Sj))∗100/(Localj(Sj))
for 1 ≤ j ≤ 1000.

Figure 1 represents the reduction in size of reachability modules versus local-
ity modules. The x-axis represents the signature size whereas the y-axis repre-

1 Obtained from the TONES repository 15 July 2013
(http://owl.cs.manchester.ac.uk/repository/browser).
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Fig. 1. Reachability v.s. Locality Modules

sents percentage reduction of reachability modules over that of locality modules.
From this graph we see that there is a drastic difference between the results
for different ontologies. For relatively small signature sizes in the Chebi ontol-
ogy reachability modules can be up to 90% smaller than locality modules for
the same input signature, whereas for the galen ontology there is less than 1%
difference. For the so-xp, cton and software ontologies, not listed here, the
results are very similar to that of galen.

Figure 2 represents the ratio between the size of the reachability module v.s.
the size of the whole ontology. The x-axes represents the signature size and the
y-axis represents the reachability module size as a percentage of the ontology
size.

From the results we see that reachability modules are potentially smaller
than locality modules. The drastic difference in the results further demonstrate
that reachability modules may be of better use where the input signature is
relatively small. For the current set of results we have not attempted to deduce
the reasons why certain ontologies perform better than others.

6 Conclusion

We have investigated the module-theoretic properties of reachability modules
for SRIQ CBoxes. Reachability modules differ from syntactic locality modules
in that they are not self-contained or depleting. One application of the self-
contained and depleting nature of locality modules is to find all justifications
for entailments. However, in terms of finding justifications, by showing that
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Fig. 2. Reachability module v.s. Ontology

reachability modules do preserve all justifications for entailments, we have shown
that these properties are sufficient but that they are not necessary.

We did an empirical evaluation into the size difference between locality and
reachability modules. We extracted a random sample of 1000 modules from each
of the ontologies listed in Table 3. Reachability modules were between 0% and
90% smaller than locality modules with a relatively small input signature. This
difference diminishes when the signature size reaches over 20% of the signature
size of the ontology.

Our focus for future research is to extend these results to SROIQ and to
investigate the relationship between other hypergraph based problems and DL
reasoning problems more closely.
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17. Nortjé, R., Britz, K., Meyer, T.: Module-theoretic properties of reachability mod-
ules for SRIQ. In: Description Logic Workshop 2013 (DL2013). CEUR-WS,
CEUR, Ulm, Germany (2013)

18. Sattler, U., Schneider, T., Zakharyaschev, M.: Which kind of module should I
extract? In: Grau, B.C., Horrocks, I., Motik, B., Sattler, U. (eds.) Description
Logics. CEUR Workshop Proceedings, vol. 477. CEUR-WS.org (2009)

19. Suntisrivaraporn, B.: Polynomial-Time Reasoning Support for Design and Main-
tenance of Large-Scale Biomedical Ontologies. Ph.D. thesis, Technical University
of Dresden (2009)

20. Thakur, M., Tripathi, R.: Complexity of Linear Connectivity Problems in Directed
Hypergraphs. Linear Connectivity Conference pp. 1–12 (2001)

17


